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Abstract. By using, the Vlasov-Poisson equation defined in either a
Riemannian or a semi-Riemannian space Rkg , and a Dirac distribution
function, we re-obtain the well known and classical equations of motion
of a mechanical system with a pairwise acting potential function. We
apply this result to the study of an n–body problem in a two dimensional
negative space form with the hyperbolic cotangent potential. Following
the Klein’s geometric Erlangen program, with methods of Mo¨bius ge-
ometry and using the Iwasawa decomposition of the Mo¨bius isometric
group SL(2,R) via its representation in one Clifford Algebra, we com-
plete the study of the whole set of Mo¨bius solutions (relative equilibria)
of the problem begun by Diacu et al. in [5].
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1. Introduction
The relevance of modern mathematics to physical problems, which re-
quire several branches of mathematics for their solution, is ever increasing
nowadays. Among those physical problems, is the problem of generalizing
the Newton gravitational equations for spaces with non-zero Gaussian cur-
vature as Lobachevsky and Boljai tried in the 19th century (see [4]). In
recent years, the problem has been revived and a series of papers have been
published using suitable potentials that generalize the Newtonian one. In
these, various interesting solutions from the geometric point of view have
been obtained. Even though the methods for obtaining the equations of mo-
tion in each curved n-body problem has been worked out usging particular
methos for each case, and only for constant Gaussian curvature (see [4], [5],
and [16]), all the equations of motion obtained converge, in suitable systems
of intrinsic coordinates, to the classical and well known equations (12) (see
[1] and [9] ), which allow to compare the geometry of the space (geodesic
curves) with the dynamics of the physical problem (gradient, in the metric,
of the potential).
In this paper, by using, the classical Vlasov-Poisson equation defined
in a space RkG (Riemannian or semi-Riemannian) and a Dirac distribution
function defined on positions and velocities, we re-obtain the equations of
motion of the n-body problem, where the particles are moving under the
action of a pairwise acting potential. The aim of doing this is to emphasize
the hierarchical position of this partial differential equation (see [8]), and to
develop in the future suitable methods for studying questions related to the
n-body problem on an arbitrary manifold for a large number of interacting
mass-particles.
We apply this result for studying the motion of n− point masses in a
negative space form (space of constant Gaussian curvature; see [6]) moving
under the influence of a gravitational potential that naturally extends New-
ton’s law as Kozlov did in [15], and Diacu et al in [4] and [3]. This work
completes the earlier study of this problem done by Florin Diacu, Ernesto
Pe´rez-Chavela and J. Guadalupe Reyes Victoria in [5]. To do this comple-
mentation with the help of algebraic methods we formally define the Killing
vector fields in H2R associated to the true conic motions, through the repre-
sentation of its isometric group SL(2,R) into a suitable Clifford Algebra.
For an interesting history of this n-body problem, the reader is referred
to the seminal papers of Florin Diacu, et al [2], [3] and [4].
The paper is organized as follows.
In section 2, we recall the Vlasov-Poisson equation (VP) in a general
non-euclidian space and obtain from it the equations of motion for a general
mechanical system with a general pairwise acting potential. We apply this
result to directly obtain the equation of motion for the n−body problem in
H2R with a hyperbolic cotangent potential.
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In section 3, following the Klein’s Erlangen program (see [13]), we work
out the representation of the Mo¨bius group of isometries SL(2,R) of H2R into
a four dimensional Clifford algebra. This allows us to factorize such group,
via the Iwasawa decomposition Theorem, by one-dimensional subgroups, in
three different suitable ways, which define three different geometries: the
elliptic, the parabolic and the hyperbolic (see [13]). Next, we obtain from
the Lie algebra sl(2,R), when we project it via the exponential map onto
the Lie group SL(2,R), the possible five Killing vector fields associated to
all one-parameter subgroups, which are the factors of such decomposition.
These vector fields define the Mo¨bius solutions (also called relative equilibria
in the dynamic literature) of the problem.
In section 4, by using the same decomposition, we proceed to find the
Mo¨bius solutions to the problem in H2R, by the method of matching the
gravitational field with each one of the Killing vector fields obtained in
section 3 as it was done before in [5], [16] and [17]. In subsections 4.1,
4.2 and 4.3 we obtain functional algebraic conditions for the existence of
the hyperbolic normal Mo¨bius solutions, the parabolic nilpotent Mo¨bius
solutions and the elliptic cyclic Mo¨bius solutions respectively. We do the
same for the parabolic cyclic Mo¨bius solutions in subsection 4.4, and for the
hyperbolic cyclic Mo¨bius solutions in subsection 4.5, and we prove here that,
in this problem, there are no solutions to any of these two types.
We note that the non-existence of the aforementioned types of true conic
orbits (parabolic cyclic and hyperbolic cyclic) for a two-dimensional nega-
tive space form is not a surprise, given the fact in the parabolic euclidian
geometry some geometrical features are richer (see [13]).
2. Vlasov-Poisson equation and equations of motion for the
n-body problem
In an euclidian space Rk with coordinates x = (x1, x2, · · · , xk), the Vlasov-
Poisson equation or equation of self-consistent field has the form (see [8]),
(1)
∂F
∂t
+
〈
v,
∂F
∂x
〉
+
〈
f(F ),
∂F
∂v
〉
= 0,
where f is a functional of the distribution function F of particles moving
along the space Rk with velocities v = (v1, v2, · · · , vk).
A simple kind of force f for the Vlasov-Poisson equation (1) is given by
(2) f(x, t) = −∇
(∫
U(x, y)F (y, v, t) dvdy
)
,
where U = U(x, y) defines an interactive pairwise potential.
For the non-euclidean space Rkg endowed with the Riemannian or Semirie-
mannian metric g = (gij), which we will call from now on simply metric, we
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consider the corresponding Vlasov-Poisson equation (see [8]),
(3)
∂F
∂t
+
〈
v,
∂F
∂x
〉
g
+
〈
f(F ),
∂F
∂v
〉
g
= 0,
where < , >g denotes the scalar product in the given metric. We denote by
∇gz the gradient with respect to the variable z in the metric, and by D
dt
the
corresponding covariant derivative.
For one system of n-particles moving along the positions Xi(t) and veloc-
ities V i(t) in the k−dimensional space R3g endowed with the metric g = (gij)
we obtain the equations of motion for the system associated to the Vlasov-
Poisson equation (3).
Theorem 1. The solutions of one system of n point particles with weights
(masses) m1,m2,m3, · · · ,mn moving under the influence of the pairwise
acting potential U = U(x, y), along the positions Xi(t) and velocities V i(t)
in the space Rkg , satisfy the system of n second order differential equations,
(4)
DV i
dt
= −
n∑
j=1
mj∇gxU(Xi, Xj).
for i = 1, . . . , n.
Proof. We consider, for the force function (2), the particular case when the
distribution function of particles moving under the influence of the potential
U = U(x, y) is,
(5) F (t, v, x) =
n∑
i=1
miδ(v − V i(t)) δ(x−Xi(t)),
where δ = δ(x) is the ordinary Dirac-function, and Xi(t), V i(t) are time
dependent vector functions which locate the position and velocity of the
i-th particle.
The following chain of results hold.
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For a fixed i = 1, 2, 3, · · · we have, by using the properties of the Dirac
function in the force,
f(t, x) = −∇gx
∫
U(x, y)F (t, v, y)dy dv
= −∇gx
∫
U(Xi, y)
n∑
j=1
mjδ(v − V j(t)) δ(y − Y j(t))dy dv
= −
n∑
j=1
mj∇gx
∫
U(Xi, y)δ(v − V j(t)) δ(y − Y j(t))dy dv
= −
n∑
j=1
mj∇gxU(Xi, Xj),
(6)
where we have used x = Xi(t), v = V i(t) and the corresponding integral
has value 1.
By a straight forward computation we obtain,
∂F
∂t
=
n∑
i=1
mi
〈
∇gvδ(v − V i(t)),−
DV i
dt
〉
g
δ(x−Xi(t))
+
n∑
i=1
mi
〈
∇gxδ(x−Xi(t)),−X˙i
〉
g
δ(v − V i(t))
=
n∑
i=1
mi
[〈
∇gvδ(v − V i(t)),−
DV i
dt
〉
g
+
〈
∇gxδ(x−Xi(t)),−X˙i
〉
g
]
,
(7)
where we have used again that x = Xi(t), v = V i(t).
On the other hand,
〈
v,
∂F
∂x
〉
g
=
〈
v,
n∑
i=1
miδ(v − V i(t))∇gxδ(x−Xi(t))
〉
g
=
n∑
i=1
mi
〈
v, ∇gxδ(x−Xi(t))
〉
g
,
(8)
for the case when v = V i(t).
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Finally, we have that,〈
f(F ),
∂F
∂v
〉
g
=
〈
−
n∑
j=1
mj∇gxU(Xi, Xj),
n∑
i=1
miδ(x−Xi(t))∇gvδ(v − V i(t))
〉
g
=
n∑
i=1
mi
〈
−
n∑
j=1
mj∇gxU(Xi, Xj), ∇gvδ(v − V i(t))
〉
g
(9)
for the case when x = Xi(t).
Therefore, when we substitute equations (7), (8) and (9) and factorize
n∑
i=1
mi in equation (3), a sufficient condition for this equation to hold is
that
0 =
〈
∇gvδ(v − V i(t)),−
DV i
dt
〉
g
+
〈
∇gxδ(x−Xi(t)),−X˙i
〉
g
+
〈
v, ∇gxδ(x−Xi(t))
〉
g
+
〈
−
n∑
j=1
mj∇gxU(Xi, Xj), ∇gvδ(v − V i(t))
〉
g
,
(10)
for all i = 1, 2, · · · , n.
Compare the first and last terms in the right hand side of equation (10)
and the second and third ones. If we put v = X˙i as above then, for such a
number to vanish, it is necessary that
(11)
DV i
dt
= −
n∑
j=1
mj∇gxU(Xi, Xj),
which ends the proof. 
If x = (x1, x2, · · · , xk) is the system of coordinates for Rkg , and {Γlij} is
the Levi-Civita connection compatible with the metric then, for any pair of
vectors X and V = X˙ in Rkg , the equalities(
DV
dt
)i
=
(
DX˙
dt
)i
= x¨i + Γilj x˙
lx˙j ,
and
n∑
j=1
mj∇gxU(Xi, Xj) = mjgij
∂U
∂xj
hold, where g−1 = (gik) is the inverse matrix for the metric g and, using
the Einstein notation, the summation runs over the upper and lower equal
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indices. Thus, for this coordinate system, equations (4) can be written,
without loss of generality, as
(12) x¨i + Γilj x˙
lx˙j = −mkgik ∂U
∂xk
.
Remark 1. We observe that the vanishing of the right hand side of equa-
tion (12) defines the equations of geodesic curves associated to the metric
(gij), whereas the right hand side corresponds to the curved (via the met-
ric) gradient of the potential U . In other words, we are comparing geometry
versus dynamics, as in the classical way (see [1] and [9]).
Remark 2. We observe that if gij = δij is the euclidian metric, then Γ
i
lj ≡ 0
and we obtain the classical Newtonian n-body problem.
Definition 1. A two dimensional negative space form is a smooth connected
surface with negative constant Gaussian curvature.
Since the Minding’s Theorem (see [6]) states that all surfaces with the
same constant Gaussian curvature K are locally isometric, we apply the
equations (12) to obtain the equations of motion of the n-body problem in
the upper half complex plane
H2R = {w ∈ C | Im (w) > 0}
endowed with the conformal Riemannian metric
(13) − ds2 = 4R
2
(w − w¯)2dwdw¯,
with conformal factor
(14) µ(w, w¯) =
4R2
(w − w¯)2 ,
and with Gaussian constant curvature K = − 1
R
.
The equations of the geodesic curves are given by (see [6])
(15) w¨ − 2w˙
2
w − w¯ = 0,
and they are either half circles orthogonal to the real axis (y = 0) or half
lines perpendicular to it.
The space H2R endowed with the metric (13) is called the Klein upper
half plane model for the hyperbolic geometry. (Here we denote by dkj the
hyperbolic distance between the points wk and wj in H2R.)
Following [15], [4] and [5], for the n−body problem on H2R of a sys-
tem of n−particles with respective masses m1,m2, · · · ,mn and positions
w1(t), w2(t), · · · , wn(t), we use the acting hyperbolic cotangent potential in
the coordinates (w, w¯), given by
(16) VR(w, w¯) =
1
R
n∑
1≤k<j≤n
mkmj cothR
(
dkj
R
)
.
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A straightforward computation shows that
(17) VR(w, w¯) =
1
R
n∑
1≤k<j≤n
mkmj
(w¯k + wk)(w¯j + wj)− 2(|wk|2 + |wj |2)
[Θ(k,j)(w, w¯)]1/2
,
where
(18)
Θ(k,j)(w, w¯) = [(w¯k+wk)(w¯j+wj)−2(|wk|2+ |wj |2)]2−(w¯k−wk)2(w¯j−wj)2
defines the singular set of the problem.
A direct substitution of equations (15) and (17) together with the con-
formal factor of the metric (13) in equation (12) shows that the solutions
of the system defining the n-body problem in the negative space form H2R
with acting hyperbolic potential (17), satisfy the system of n second order
differential equations, k = 1, . . . , n,
w¨k − 2w˙
2
k
wk − w¯k =
2
µ(wk, w¯k)
∂VR
∂w¯k
= −(wk − w¯k)
2
2R2
∂VR
∂w¯k
= −2(wk − w¯k)
3
R
n∑
j=1
j 6=k
mj(w¯j − wj)2(wk − wj)(w¯j − wk)
[Θ(k,j)(w, w¯)]3/2
.
(19)
As we have pointed in Remark 1, the left hand side of equation (19)
defines the equations of geodesic curves in H2R, whereas the right hand side
corresponds to the gradient (in the metric (13)) of the potential VR.
3. Invariants of the Mo¨bius Geometry
In this section we show the geometric invariants (conic curves) of the
Mo¨bius geometry of H2R according to the Klein’s Erlangen Program and
with the methodology of representing the isometry Mo¨bius group into a
four dimensional Clifford algebra as in [13]. These invariants will define five
Killing vector fields on the hyperbolic half plane.
Let
SL(2,R) = {A ∈ GL(2,R) | detA = 1},
be the special linear real 2-dimensional group, which is a 3-dimensional sim-
ply connected, smooth real manifold. It is well known (see [7]) that the group
of proper isometries of H2R is the projective quotient group SL(2,R)/{±I}.
Every class
A =
(
a b
c d
)
∈ SL(2,R)/{±I}
also has an associated unique Mo¨bius transformation fA : H2R → H2R, where
fA(z) =
az + b
cz + d
,
which satisfies f−A(z) = fA(z).
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We now give the representations of the SL(2,R) group in a Clifford algebra
with two generators, knowing that there are three different Clifford algebras
C`(e), C`(p), C`(h), corresponding to the elliptic, parabolic and hyperbolic
cases.
A Clifford algebra C`(σ) is a four dimensional linear real space spanned
by {1, e0, e1, e0e1} with the non-commutative product defined by, (see [13]
for more details)
e20 = −1,
e21 = σ =
 −1 for C`(e),0 for C`(p),
1 for C`(h)
e0e1 = −e1e0.
(20)
For the space R2 = {ue0 + ve1 |u, v ∈ R}, we denote by Re, Rp or Rh the
corresponding Clifford algebra Rσ. Therefore, an isomorphic representation
of the group SL(2,R) with the same product is obtained if we replace the
matrix
(
a b
c d
)
by
(
a be0
−ce0 d
)
, which has the advantage of defining
the Mo¨bius transformation Rσ → Rσ, given by (see [13] for more details)(
a be0
−ce0 d
)
: ue0 + ve1 → a(ue0 + ve1) + be0−ce0(ue0 + ve1) + d.
In this representation, by the Iwasawa decomposition Theorem (see [11],
[12], [13]), we can factorize SL(2,R) = ANK so that each matrix factorizes
as
(21)
(
a be0
−ce0 d
)
=
( −α 0
0 α
)(
1 νe0
0 1
)(
cosφ e0 sinφ
e0 sinφ cosφ
)
,
with
α−1 =
√
c2 + d2, ν = ac+ bd, and φ = − arctan
( c
d
)
.
The one dimensional Abelian subgroup A is the normalizer of the nilpotent
one dimensional subgroup N , and K is a maximal compact subgroup of
SL(2,R).
In the Lie algebra sl(2,R) of SL(2,R) we consider the following suitable
set of Killing vector fields,{
X1 =
1
2
(
1 0
0 −1
)
, X2 =
(
0 1
0 0
)
, X3 =
(
0 e0
−e0 0
)}
.
If we consider also the exponential map of matrices,
exp : sl(2,R)→ SL(2,R),
applied to the one-parameter additive subgroups (straight lines) {tX1},
{tX2}, and {tX3}, we obtain the following one-dimensional factor subgroups
of the Lie group SL(2,R).
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1. The isometric normal (homothetic) subgroup,
A =
{
exp(tX1) =
(
et/2 0
0 e−t/2
)}
which defines the one-parameter family of acting Mo¨bius transfor-
mations
(22) f1(w, t) = e
tw,
and associated to the differential equation
(23) w˙ = w.
The flow of the corresponding vector field is a set of straight lines
emanating from the origin, as shown in Figure 1.
Figure 1. The vector field w˙ = w.
2. The isometric nilpotent shift subgroup,
N =
{
exp(tX2) =
(
1 t
0 1
)}
which defines the one-parameter family of acting Mo¨bius transfor-
mations
(24) f2(w, t) = w + t,
and associated to the differential equation
(25) w˙ = 1.
The flow of the corresponding vector field is a set of horizontal par-
allel straight lines, as shown in Figure 2.
3. The isometric rotation subgroup,
K =
{
exp(tX3) =
(
cos t e0 sin t
e0 sin t cos t
)}
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Figure 2. The vector field w˙ = 1.
which defines the one-parameter family of acting Mo¨bius transfor-
mations
(26) f3(w, t) =
(cos t)w + e0 sin t
(e0 sin t)w + cos t
,
and is associated to the differential equation
(27) w˙ = e0(1− w2).
The three different Killing vector fields associated to Re, Rp or Rh
for each corresponding Clifford algebra are as follows.
a. The flow of the corresponding vector field in Re is a set of coaxal
circles with focus (in the sense of Mo¨bius geometry, see [13]) at
the point w = i, as shown in Figure 3.
Figure 3. The elliptic vector field w˙ = e0(1− w2) for e21 = −1.
b. The flow of the corresponding vector field in Rp is a set of ver-
tical parabolas with horizontal directrices, as shown in Figure
4.
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Figure 4. The parabolic vector field w˙ = e0(1− w2) for e21 = 0.
c. The flow of the corresponding vector field in Rh is a set of
vertical hyperbolas with asymptotes parallel to the diagonal, as
shown in Figure 5.
Figure 5. The hyperbolic vector field w˙ = e0(1 − w2) for
e21 = 1.
Via the exponential map, even though every matrix in the Lie Algebra
sl(2,R) defines a one-parametric subgroup of SL(2,R), there are only three
classes of one-parametric subgroups in SL(2,R) under the conjugation B →
MBM−1 (see Kisil [14]).
Lemma 1. Any continuous one-parametric subgroup of SL(2,R) is conju-
gated to A, N or K.
4. Mo¨bius solutions of the n-body problem in H2R
In this section we obtain the whole set of the so called Mo¨bius solutions or
relative equilibria solutions of the mechanical system (19). For this, we will
use the method of matching the gravitational hyperbolic cotangent field with
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each one of the Killing vector fields associated to the above one-dimensional
subgroups as in [5] and [17].
Definition 2. A Mo¨bius solution or relative equilibrium for the n–body prob-
lem in H2R, is a solution w(t) = (w1(t), w2(t), · · · , wn(t)) of the equations of
motion (19) which is invariant under some one-dimensional subgroup B(t)
of the group SL(2,R). In other words, the function obtained by the action
denoted by z(t) = B(t)w(t) is also a solution of (19).
Since, from Lemma 1, the basic one-dimensional parametric subgroups
(23), (25) and (27) define, up to conjugation, the whole set of one-dimensional
parametric subgroups in SL(2,R), we will show in the following subsections
the corresponding Mo¨bius motions associated to such subgroups. From now
on, and for short, we will understand that the whole set of solutions under
study are of type Mo¨bius.
4.1. Hyperbolic normal Mo¨bius solutions. In this subsection we state
conditions for the existence of normal hyperbolic solutions (also called ho-
mothetic relative equilibria) for the problem in H2R. These conditions were
obtained in Diacu et al. [5].
Definition 3. A normal hyperbolic solution for the n–body problem in H2R
is a solution w(t) = (w1(t), w2(t), · · · , wn(t)) of the equations of motion (19)
which is invariant under the subgroup A associated to the vector field given
by (23).
A straightforward substitution of equations (23) in equations (19) shows
that a necessary and sufficient condition for the function w = (w1, . . . , wn)
to be a solution of system (19) and, at the same time, a normal hyperbolic
solution is that, for every k = 1, . . . , n, the coordinates satisfy the algebraic
functional system
(28)
R(wk + w¯k)wk
8(wk − w¯k)4 =
n∑
j=1
j 6=k
mj(wj − w¯j)2(wk − wj)(w¯j − wk)
[Θ(k,j)(w, w¯)]3/2
.
Therefore, we can also call these solutions hyperbolic normal solutions.
In [5] it is proved the existence of such motions for 2 and 3 interacting
particles in H2R.
4.2. Parabolic nilpotent Mo¨bius solutions. In this subsection we show
the Mo¨bius solutions associated to the subgroup generated by the Killing
vector field X2 which defines the one-parametric family of acting Mo¨bius
transformations (25) in the upper half plane H2R.
Definition 4. A Parabolic nilpotent Mo¨bius solution for the n–body problem
in H2R is a solution w(t) = (w1(t), w2(t), · · · , wn(t)) of the equations of mo-
tion (19) which is invariant under the subgroup N associated to the vector
field of equation (25).
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Again as before, a simple substitution of equations (25) in the system
(19) shows that a necessary and sufficient condition for the function w =
(w1, . . . , wn) solution of system (19) to be a Parabolic nilpotent solution,
is that the coordinate functions satisfy the algebraic functional system of
equations
(29) − R
4(wk − w¯k)4 =
n∑
j=1
j 6=k
mj(w¯j − wj)2(wk − wj)(w¯j − wk)
[Θ˜(k,j)(w, w¯)]3/2
.
For this reason, we also call these solutions parabolic nilpotent solutions.
In [5] it is proved that in this n-body problem there are no parabolic
nilpotent solutions.
4.3. Elliptic cyclic Mo¨bius solutions. We now discuss the Mo¨bius so-
lutions of (19) corresponding to the action of the Killing vector field X3
associated to the differential equation (27) for the case when e21 = −1.
It is not hard to see (Kisil [13]) that in this case such equation becomes
(30) w˙ = 1 + w2.
Definition 5. An elliptic cyclic solution for the n–body problem in H2R is
a solution w(t) = (w1(t), w2(t), · · · , wn(t)) of the equations of motion (19)
which is invariant under the subgroup K associated to the vector field given
by (30).
It is easy to see that a necessary and sufficient condition for a solution of
system (19) w = (w1, . . . , wn) to be an elliptic cyclic solution is that for all
k = 1, . . . , n, the following system of algebraic equations be satisfied
(31)
R(1 + w2k)(1 + |wk|2)
(wk − w¯k)4 =
n∑
j=1
j 6=k
mj(w¯j − wj)2(wk − wj)(w¯j − wk)
[Θ(k,j)(w, w¯)]3/2
.
We also call these solutions elliptic cyclic solutions.
In [5] it is proved the existence of this type of solutions for the n-body
problem in the Poincare´ disk D2R of radius R in the complex plane, endowed
with the conformal metric
ds2 =
4R4
(R2 − |z|2)2dz dz¯,
for 2 and 3 bodies, when the isometric acting group is SU(1, 1). Such results
can be carried to our space via the Mo¨bius linear fractional transformation
z : H2R → D2R
(32) z = z(w) =
−Rw + iR2
w + iR
.
For example, if we know that the circle of the elliptic foliation passing
through the points i α and
i
α
(with 1 < α) is centred at the point
i
2
(
α+
1
α
)
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and has radius r =
α2 + 1
2α
, which has equation (see [13])
(33) 2|w|2 + i(w − w¯)
(
α+
1
α
)
+ 2 = 0,
then, by applying the transformation (32), we can re obtain the following
result for two bodies.
Corollary 1. (Two bodies) Consider 2 point particles of masses m1,m2 >
0 moving with positions w1 = w1(t) and w2 = w2(t) respectively in H2R,
and along circles (33) whose centres are on the imaginary axis. Then the
function w = (w1, w2) is an elliptic cyclic solution of system (19) with n = 2,
if and only if, for the circle centred at
i
2
(
α+
1
α
)
of radius =
α2 + 1
2α
along
which m1 moves, there is a unique circle centred at
i
2
(
β +
1
β
)
of radius
β2 + 1
2β
, along which m2 moves, such that, at every time instant, m1 and
m2 are sited on the same geodesic arc of H2R but in opposite sides of the
aforementioned isometric circles. Moreover,
(1) if m2 > m1 > 0 and α are given, then β < α;
(2) if m1 = m2 > 0 and α are given, then β = α;
(3) if m1 > m2 > 0 and α are given, then β > α.
4.4. Parabolic cyclic Mo¨bius solutions. In this subsection we study the
Mo¨bius solutions of (19) corresponding to the action of the Killing vector
field X3 associated to the differential equation (27) for the case when e
2
1 = 0.
It is not hard to see that in this case such that equation becomes into the
one (see [13]),
(34) w˙ = 1 + w2 − (w − w¯)
2
4
.
Definition 6. A parabolic cyclic solution for the n–body problem in H2R, is
a solution w(t) = (w1(t), w2(t), · · · , wn(t)) of the equations of motion (19)
which is invariant under the subgroup K associated to the vector field of
equation (34).
We obtain the condition for a solution of equation (19) to be invariant
under the Killing vector field (34).
Lemma 2. Consider n point particles with masses m1, . . . ,mn > 0, n ≥ 2,
moving in H2R with positions wk = wk(t) for k = 1, . . . , n respectively. A
necessary and sufficient condition for the function w = (w1, . . . , wn) to be
a parabolic cyclic solution of system (19), is that for all k = 1, . . . , n, the
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following algebraic functional equations
− R[(wk − w¯k)
2(8− w2k + 6|wk|2 + 3w¯2k)− 16(1 + w2k)(1 + |wk|2)]
16(wk − w¯k)4
=
n∑
j=1
j 6=k
mj(w¯j − wj)2(wk − wj)(w¯j − wk)
[Θ(k,j)(w, w¯)]3/2
(35)
are satisfied.
Proof. Result follows when we differentiate the equations w˙k = 1 + w
2
k −
(wk − w¯k)2
4
, for k = 1, . . . , n, and substitute in the equations of motion
(19). This completes the proof. 
We call also parabolic cyclic solutions to these solutions of system (19)
satisfying the conditions (35).
We observe that equation (35) is so hard of solve, and instead of trying
this, we find explicitly the parabolic cyclic flow of (34) and we propose these
type of solutions as in [3].
If we use real coordinates (u, v) for w = u+ i v , the complex differential
equation (34) can be written (see [13]) as the system of real differential
equations
u˙ = 1 + u2,
v˙ = 2uv,
(36)
which when is integrated for the initial conditions (u(0) = α, v(0) = β) has
the isometric parametrization
u(t) =
α+ tan t
1− α tan t ,
v(t) =
β sec2 t
(1− α tan t)2 .
(37)
In this way, the isometric parametrization of the solution of equation (34)
with initial condition w(0) = α+ iβ is
(38) w(t) =
α+ tan t
1− α tan t + i
β sec2 t
(1− α tan t)2 .
Let s = tan t be an isometric new variable. Then sec2 t = 1 + s2, and the
parametrization (38) becomes
(39) w(s) =
α+ s
1− αs + i
β (1 + s2)
(1− αs)2 .
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Since
ds
dt
= 1 + s2,
d2s
dt2
= 2(1 + s2)s,
(40)
and w′ =
dw
ds
, then
w˙ =
dw
ds
ds
dt
= (1 + s2)w′,
w¨ = w′′
(
dw
ds
)2
+ w′
d2s
dt2
= w′′(1 + s2)2 + 2s(1 + s2)w′.
(41)
If we substitute equations (39), (40) and (41) in equations (35) for all
k, j = 1, . . . , n, the respective real parts become
R(αk + s)(1 + α
2
k)(1− αk s)2
64β2k(1 + s
2)5
=
∑
j 6=k
mjβ
2
j
[Θ(k,j)(α, β)]3/2(1− αj s)4
(
αj + s
1− αj s −
αk + s
1− αk s
)
,
(42)
whereas the imaginary parts are
− R(1 + α
2
k)[(1 + α
2
k)(1− αk s)2 + 2](1− αk s)2
64β2k(1 + s
2)4
=
∑
j 6=k
mjβ
2
j
[Θ(k,j)(α, β)]3/2(1− αj s)4
×
×
[(
αj + s
1− αj s −
αk + s
1− αk s
)2
− (1 + s2)
(
β2j
(1− αjs)4 −
β2k
(1− αks)4
)]
(43)
where
Θ(k,j)(α, β) =
[
4
(
αj + s
1− αj s
)(
αk + s
1− αk s
)
− 2 Ξ(k,j)(α, β, s)
]2
− 16β
2
kβ
2
j (1 + s
2)4
(1− αks)4(1− αjs)4
(44)
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is the corresponding evaluation of the singular part (18) in the 2n-dimensional
parametric vector (α, β) and
Ξ(k,j)(α, β, s) =
(
αj + s
1− αj s
)2
+
(
αk + s
1− αk s
)2
+
β2j (1 + s
2)2
(1− αjs)4 +
β2k(1 + s
2)2
(1− αks)4 .
We obtain the following result.
Theorem 2. There are not parabolic cyclic solutions for the n−body problem
in H2R.
Proof. Consider n point particles with masses m1, . . . ,mn > 0, n ≥ 2, mov-
ing in H2R under the influence of the hyperbolic cotangent potential with
positions wk = wk(t) for k = 1, . . . , n respectively, and satisfying the equa-
tions (42) and (43). Since the cyclic parabolic flow (34) carries the whole set
of solutions to the right positive half plane as t goes to infinity, without loss
of generality we can suppose that the k-th particle is one of the last reaching
the imaginary axis. If we take these configuration as initial conditions, then
αk = 0 and αj ≥ 0 for s = 0. Therefore, for these initial conditions equation
(42) becomes
(45) 0 =
∑
j 6=k
mjβ
2
j
[Θ(k,j)(α, β)]3/2
αj ,
which implies necesarilly that αj = 0 for all j = 1, 2, · · · , n.
This is, if one particle reaches the imaginary axis for some time, then
the whole set of particles are sited also on the imaginary axis at the same
time. This implies that we can suppose, in the early, that all the particles
are sited along the imaginary axis, and the isometric parametrizations are
wj = s + i(1 + s
2)βj and wk = s + i(1 + s
2)βk respectively. If this is the
case, then, for s = 0 and αj = 0 in the imaginary parts (43), we have that
(46)
R
64β2k
= −
∑
j 6=k
mjβ
2
j
4[β2j − β2k]2
.
The left hand side of equation (46) is positive whereas the right hand side
is negative. This contradiction proves the claim and ends the proof. 
4.5. Hyperbolic cyclic Mo¨bius solutions. In this subsection we study
the Mo¨bius solutions of (19) corresponding to the action of the Killing vector
field X3 associated to the differential equation (27) for the case when e
2
1 = 1.
It is not hard to see that in this case such that equation becomes into the
one (see [13]),
(47) w˙ = 1 + w2 − (w − w¯)
2
2
.
Definition 7. An hyperbolic cyclic solution for the n–body problem in H2R,
is a solution w(t) = (w1(t), w2(t), · · · , wn(t)) of the equations of motion
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(19) which is invariant under the subgroup K associated to the vector field
of equation (47).
We obtain the condition for a solution of equation (19) to be invariant
under the Killing vector field (47).
Lemma 3. Consider n point particles with masses m1, . . . ,mn > 0, n ≥ 2,
moving in H2R with positions wk = wk(t) for k = 1, . . . , n respectively. A
necessary and sufficient condition for the function w = (w1, . . . , wn) to be
an hyperbolic cyclic solution of system (19), is that for all k = 1, . . . , n, the
following algebraic functional equations
− w
2
k + 10|wk|2 + 2wk|wk|2 + 2|wk|2w¯2k − 2w¯4k + 2w4k − 3w¯2k + 4
2(wk − w¯k)
=
n∑
j=1
j 6=k
mj(w¯j − wj)2(wk − wj)(w¯j − wk)
[Θ(k,j)(w, w¯)]3/2
(48)
are satisfied.
Proof. Result follows when we differentiate the equations w˙k = 1 + w
2
k −
(wk − w¯k)2
2
, for k = 1, . . . , n, and substitute in the equations of motion
(19). This completes the proof. 
Once again, we call hyperbolic cyclic solutions to these solutions of system
(19) satisfying the system (48).
As in the cyclic parabolic case, we observe that equation (48) is also hard
of solving, and again as there, instead of trying this, we will find explicitly
the solutions of the cyclic hyperbolic flow (47) and we will propose these
type of solutions.
In this case, for the real coordinates (u, v) in w = u + i v, the complex
differential equation (47) can be written (see [13]) as the system of real
differential equations
u˙ = 1 + u2 + v2,
v˙ = 2uv,
(49)
which when is integrated for the initial conditions
u(0) + v(0) = α,
u(0)− v(0) = β,
(50)
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has the isometric parametrization
u(t) =
1
2
[
tan t+ α
1− α tan t +
tan t+ β
1− β tan t
]
,
v(t) =
1
2
[
tan t+ α
1− α tan t −
tan t+ β
1− β tan t
]
.
(51)
In this way, by using equations (50), the isometric parametrization of the
solution of equation (47) with initial condition w(0) = u(0) + iv(0) is
(52) w(t) =
1
2
[
tan t+ α
1− α tan t +
tan t+ β
1− β tan t
]
+
i
2
[
tan t+ α
1− α tan t −
tan t+ β
1− β tan t
]
.
Let s = tan t be again the isometric new variable as before. Then the
parametrization (52) becomes
(53) w(s) =
1
2
[
s+ α
1− αs +
s+ β
1− βs + i
(
s+ α
1− αs −
s+ β
1− βs
)]
.
For the arbitrary index l = 1, 2, · · · , n, we define the equalities,
Al = Al(s) =
1
2
αl + s
1− αls
Bl = Bl(s) =
1
2
βl + s
1− βls
Cl = Cl(s) = Al +Bl
Dl = Dl(s) = Al −Bl,
(54)
and if we substitute equations (53), (40) and (41) together with the equations
(54) in equations (48), for all k, j = 1, . . . , n, the respective real parts for
l = k become
(1 + s2)2
(
αk(1 + α
2
k)
(1− αks)3 +
βk(1 + β
2
k)
(1− βks)3
)
+ s(1 + s2)
(
1 + α2k
(1− αks)2 +
βk(1 + β
2
k)
(1− βks)2
)
− 4
[
(αk + β) + 2(1− (αk + βk))s− (αk + βk)s2
(1 + s2)(1− αks)(1− βks)
]
×
×
[
1 + α2k
(1− αks)2 +
1 + β2k
(1− βks)2
]
=
4(1 + s2)3(αk − βk)3
R
∑
j 6=k
(
αj + s
1− αj s −
βj + s
1− βj s
)2 mjDk(Cj − Ck)
[Θ(k,j)(α, β)]3/2
.
(55)
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On the other hand, the corresponding imaginary parts are
(1 + s2)2
(
αk(1 + α
2
k)
(1− αks)3 −
βk(1 + β
2
k)
(1− βks)3
)
+ s(1 + s2)
(
1 + α2k
(1− αks)2 −
βk(1 + β
2
k)
(1− βks)2
)
+
8(1 + α2k)(1 + β
2
k)
(αk − βk)(1 + s2)(1− αks)(1− βks)
= −2(1 + s
2)3(αk − βk)3
R
∑
j 6=k
(
αj + s
1− αj s −
βj + s
1− βj s
)2
×
× mj [D
2
k −D2j − (Cj − Ck)2]
[Θ(k,j)(α, β)]3/2
.
(56)
Here, Θ(k,j)(α, β) is again the corresponding evaluation of the singular func-
tion (18) in the 2n–parametric vector (α, β).
We obtain the following result.
Theorem 3. There are not hyperbolic cyclic solutions for the n−body prob-
lem in H2R.
Proof. The proof follows the same method as for Theorem 2. Regardless we
give it here. Consider again n point particles with masses m1, . . . ,mn > 0,
n ≥ 2, moving in H2R under the influence of the hyperbolic cotangent poten-
tial and satisfying the equations (55) and (56). Since the cyclic hyperbolic
flow also carries all these solutions to the right positive half plane as t goes
to infinity, without loss of generality we can suppose that the k-th particle
is one of the last reaching the imaginary axis, this is, uk(0) = 0. If we take
these configuration as initial conditions, then for s = 0 we have the values
Ak(0) =
αk
2
,
Bk(0) =
βk
2
,
Ck(0) =
αk + βk
2
= uk(0) = 0,
Dk(0) =
αk − βk
2
= vk(0) = −βk > 0,
(57)
which implies that 0 = Ck ≤ Cj(0) = Aj(0) +Bj(0) for all j 6= k.
Therefore, for these initial conditions the real equation (55) becomes
(58) 0 =
∑
j 6=k
(
αj + s
1− αj s −
βj + s
1− βj s
)2 mj
[Θ(k,j)(α, β)]3/2
(−βk)Cj ,
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which implies that Cj(0) = Aj(0) + Bj(0) = uj(0) = 0 for all j 6= k, and
therefore, if the k–particle reaches the imaginary axis for some time, the
whole set of particles also must reach the imaginary axis for this same time.
This also implies that αj = −βj > 0 for all j = 1, 2, · · · , n.
On the other hand, if we consider again for s = 0 the initial conditions
wk(0) = iβk, wj(0) = iβj , such that βj ≤ βk, then Cj = Ck = 0 and
Dj ≤ Dk. If we substitute in the imaginary parts (56), then it follows that
(αk − βk)(1 + β2k) +
8(1 + α2k)(1 + β
2
k)
(αk − βk)
= −2(αk − βk)
3
R
∑
j 6=k
(αj − βj)2
mj [D
2
k −D2j ]
[Θ(k,j)(α, β)]3/2
,
(59)
which is a contradiction, because again, the left hand side of this last equa-
tion is positive whereas that the right hand side is negative.
This contradiction proves the claim and ends the proof. 
4.6. Conclusions. Summarizing the results of this section, we obtain that
the unique Mo¨bius solutions for the n−body problem inH2R are either elliptic
cyclic, normal hyperbolic or the compositions of these (loxodromic). This
shows that for the whole study of the Mo¨bius solutions, it should be sufficient
considering the Cartan-Haussdorf decomposition SL(2,R) = KAK, which
uses only the subgroups A and K. Such last decomposition is connected with
the geometry of the complex unit disk (see [10]).
In words of the classical mechanics (see [3]) by Minding’s Theorem, this
can be paraphrased as:
Theorem 4. The unique relative equilibria for the curved n−body problem
in a two dimensional space of negative constant Gaussian curvature are: the
elliptic, homothetic or loxodromic solutions.
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